The discovery of quasicrystals 30 years ago challenged our understanding of order at the atomic scale.
pound NiZr is a congruently melting glass-former. This facilitates systematic studies of dendritic growth in a chemically simple, compositionally well-defined metallic alloy. Nonequilibrium solidification experiments of NiZr were performed in an undercooling regime bounded by its melting and glass transition (T m = 1533 K, T g = 730 K).
Electrostatic levitation (ESL) is a state-of-the-art method for containerless processing of materials in an ultra-high vacuum thereby maintaining high purity conditions. The sample is levitated and actively positioned by electrostatic fields and independently heated with an infrared laser. A typical processing cycle includes the melting and (under-)cooling of the sample, until spontaneous crystallization occurs at the nucleation temperature T n , accompanied by a local release of latent heat. The maximum undercoolings achieved, ∆T = T m − T n = 300(5) K, vary only in the range of a few Kelvin. The intersection of the moving solidification front with the sample's surface, observed with a high-speed camera (HSC), reproducibly shows a decagonal shape growing with an average velocity of v = 0.51(4) m/s (Fig. 1a) .
The microstructures of as-solidified samples were analyzed by using optical polarization and scanning electron microscopy (SEM), including energy dispersive X-ray spectrometry (EDS) for chemical analysis and electron backscatter diffraction (EBSD). EBSD is a powerful method to determine and visualize the crystallographic orientation of intergrown grains, either via a 2D false-colour map or an inverse pole figure plot (IPF), i.e. a stereographic projection of observed crystallographic directions. [19] Solidified, spherical samples were overcasted with numerous fine geodesics resembling the mesh of lattitudes and longitudes on a globe. Ten longitudes meet at two poles marking the onset point of solidification and its antipode, allowing for an oriented embedding.
Series of cross-sections, showing the 3D-evolution of microstructural features, confirm the alignment of the putative growth direction with the tenfold axis. The main feature is the presence of ten major grains separated by coherent boundaries traversing the sample with an angular inclination of ∼ 36
• (Fig. 2a,b ).
While the tenfold pattern of major grains, originating in perfect registry from a single center, governs the impression, each grain exhibits a (coarsened) dendritic fine structure, resembling the feathery grains of directed solidification experiments. [20] In particular, both coherent and incoherent, straigth and wavy grain boundaries, are simultaneously present, most often in an alternating arrangement (Fig. 2c,d ). This appearance is caused by a two-fold twinning, by which the stem of every dendrite is constituted by a large-
angle grain boundary with a 36 • twin orientational relationship (Fig. 2b, Fig. 6 ). Thus, the microstructure exhibits a spatial hierarchy of structural organization. Twinned dendrites are visible up to the third order (Fig. 2c) . Additional deformation twinning is clearly distinguished by its all-parallel straight twin boundaries.
Similar microstructures were found in the vicinity of NiZr (±2 at.%), for ternary substitution variants (Ni,Cu)Zr, Ni(Zr,Hf) with about the same amount of minority component (Supplemental information), as well as for CrB-type AlZr.
NiZr crystallizes in a CrB-type structure comprising eight atoms in a C-centered, orthorhombic unit-cell of space group Cmcm, a = 326.8(8) pm, b = 993.7(4) pm, c = 410.1(5) pm. Both Ni and Zr occupy the Wyckoff site 4 c (0, y, 1/4) with y Ni = 0.0817 (17) and y Zr = 0.3609(8).
[21] The axial ratio a/b of the NiZr structure is such, that the (±1 1 0) pair of net planes encloses an angle of almost the tenth of a full circle:
This simple but special geometrical relation is a prerequisite for tenfold microtwins (TMTs).
TMTs were observed in splat-cooled NiZr using high-resolution transmission electron microscopy (HRTEM).
[22] They nucleate upon heating from an amorphous matrix of meltspun NiZr and (Ni 0.9 Cu 0.1 )Zr, notably before any other phase formation is observed.
[23]
Dendritic TMTs also form in thin films of metastable Cr 3 C 2−x .
[24] In fact, already the CrB-type results from a periodic unit-cell twinning of the fcc-type. [25, 26] In any case the lateral extension of TMTs was restricted to only a few micrometers, whereas for ESLprocessed NiZr undistorted twin boundaries extend up to the samples diameter. This extraordinary fact requires an explanation! Based on the aforementioned specific geometrical properties of CrB-type NiZr we propose an atomistic model (Fig. 3a) , reconstructing the central part of a TMT, thereby extending prior (1985) HRTEM-results of Kuo et al.[22] to the atomic scale. The key idea concerns the equalization of two pairs of (projected) short
= L interatomic distances of the NiZr structure (Fig. 3c ) within neighbouring twin domains and across their boundaries (Fig. 3a) .
This leads to a unique choice of structural parameters for NiZr: b/a = 5 + 2 √ 5 ∼ 3.078, S/a = (5 − √ 5)/10 ∼ 0.526, L/a = τ S/a ∼ 0.851, with τ ∼ 1.618 the golden ratio, including ideal atomic coordinates for Ni, y Ni /b = τ −2 /(2 √ 5) ∼ 0.085, and Zr,
362. Contrary to common views of twinning, our model includes the metrical relations imposed by the Bravais lattice and the spatial distribution of atoms within the NiZr unit-cell. Quite remarkably, the structure in the bulk is identical to the structure across the twin boundary! This exceptional feature of a distortion-free, energetically advantageous twinning explains the dominant occurrence of twin boundaries as a macroscopic growth feature. The innermost core of the twin model, representing the putative frozen-in seed of nucleation, shows a 1 : τ : τ 2 scaling for three successive shells of atoms (Fig. 3a) . The transition from this 'quasicrystalline' cluster to the TMT-crystal is marked by a loss of higher-order scalings (Fig. 3a) . The twin model thus exhibits some characteristics of axial quasicrystals with decagonal symmetry.
[27] Its 2D Fourier map shows distinctive features of decagonal quasicrystals beyond the mere radial symmetry expected for a tenfold twin (Fig. 3b ).
These dual space features indicate a long-range decagonal orientational order in the real structure. Indeed, vertex-defective pentagons occur in all possible rotated and reflected orientations throughout the twin model. Notably, ∠(S,
• correspond to the exterior angle of a regular pentagon and decagon, respectively.
Spiral growth in the ab-plane can be easily extended into a microscopic pattern maintaining the symmetry of the nucleus. Upon dendrite formation a highly correlated, cooperative growth sets in, conserving the twin boundaries into the dendrite stems, yielding the geodetic pattern of surface twin faults. Along the c-direction growth occurs by extending the innermost Zr-centered pentagonal antiprism of Ni-atoms, first into an (compressed ) icosahedron with two Zr-atoms at its apices and eventually into a pentagonal antiprismatic column, a structural motif well-known in many intermetallics. Thus, the in-plane spiral growth mechanism is amended with an out-of-plane columnar one, both of which feature preferred nucleation sites, favouring the attachment of atoms either in re-entrant kinks between neighbouring twin domains or along the staggered packing of pentagons into antiprisms (Fig. 3d) . A compression of the central icosahedron breaks its icosahedral symmetry, with only one out of six fivefold symmetry axes remaining for columnar growth, favouring a (2 + 1)-dimensional growth model. A single pentagonal antiprismatic seed, once formed, appears sufficient to ensure undisturbed growth into a macroscopic twin (Fig. 3e) . On the contrary, a recently reported twinning mechanism based on ideal icosahedra, in which dopants trigger the formation of a quasicrystalline seed, enhancing the heterogeneous nucleation of a competing fcc-type phase, improves the sample's grain-refinement. [28, 29] Specifically we propose that the compressed icosahedron indeed is the primordial homogeneous nucleus, originating in the melt only at high undercoolings. The case for homogeneous nucleation is made by a series of Poisson-distributed nucleation events and its statistical analysis. This allows to determine thermodynamical and kinetic parameters, [30] such as the critical free enthalpy of nucleation, ∆G * = 59.717 k B T n , the solid-liquid (dimensionless) interfacial energies α = 0.7057 and σ = 0.1346 ( NiZr offers a unique insight into the formation of a highly-refined dendritic microstructure in a glass-forming alloy, based on the combination of fundamental crystallography
with advanced yet generally applicable processing and characterization techniques. We propose a general geometric mechanism bridging the scales from a homogeneously nucleated quasicrystalline seed via twinning-induced growth to a macroscopic solid. In a most comprehensive view, our geometric ideas seems suited to model the quasicrystal-crystal transition for axial quasicrystals with even-fold rotational symmetry (n = 8, 10, 12, . . .), in the generic case of a dense, binary sphere packing, with potential applications in materials design and soft matter science.
Methods summary
Spherical reguli (2.5 mm in diameter, 70 mg) were prepared by arc-melting stoichiometric mixtures of high-purity metals (Ni: 99.999; Zr: 99.97%) in a Ti-gettered Ar-atmosphere.
Mass losses during arc melting/ESL were < 0.1 mg with nominal compositions checked on embedded/polished samples by EDS. ESL was performed with a custom-built levitator using an infrared laser (P = 75 W, λ = 810 nm) and an ultrafast pyrometer (Impac IGA 120-TV). 200 undercooling cycles in succession gave a statistic of nucleation events (Fig. 4) . A Photron Ultima APX 775k HSC allowed the direct observation of the solidification with 10 000 fps and (512 × 320) px time and space resolution. EBSD-samples were embedded in a carbon containing, electrical conductive phenolic mounting resin via application of temperature and pressure (450 K, 25 kN). Cylindrical resin specimens were grinded and polished (0.05 µm colloidal alumina) with a final treatment using a slightly basic suspension (0.1 µm colloidal silica, pH = 9.0). The success of the oriented embedding was examined using an optical polarization microscope (Imager.A2M, Zeiss). A LEO 1530VP SEM (U acc = 20 kV, 1 nm spatial resolution) equipped with an EDS-system (INCA) and an EBSD detector (HKL) was used to characterize the microstructure in terms of phase composition and crystal orientation.
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2 Construction of the twin model
General formulae
For a compound AB crystallizing in the orthorhombic CrB-type structure with lattice parameters a, b, c we define a pair of distances
where d AA and d BB are the shortest interatomic distances between alike constituents (here, A = Ni and B = Zr). In fact, S and L represent projections -along the c-direction -of the distances d AA and d BB , respectively. Another pair of distances is given by
as shown in Fig. 3c . For the construction of the ideal n-fold twinned structure model we impose the restrictions
which allow to derive a complete and consistent set of structural parameters via elementary geometrical relations:
This includes special values for the atomic coordinates y A and y B of the Wyckoff position 4c (0, y, 1/4) for both constituents. Note, that all parameters given in succession solely depend on the number n of twin domains and refer to a common arbitrary scaling factor given by the lattice parameter a (which may be set to unity). Note also, that for the special case of n = 10 (NiZr) the geometrical match is perfect, such that the crystal structure across the twin boundaries is identical to the crystal structure of bulk NiZr.
Specific cases
The following table lists the calculated values for the parameters ϕ, b, L, y B , S, y A , and σ defined in Equations 4 to 10 for different choices of n = 8, 10, 12, with a set to unity, in analytical and numerical form, and in comparison to NiZr (compare Fig. 7 ). Table 2 : Ideal geometric parameters for n-fold twin structures (n = 8, 10, 12).
3 Details regarding homogeneous nucleation
Skripov analysis
In order to distinguish between heterogeneous or homogeneous nucleation taking place in an undercooled melt, a statistical analysis of nucleation events can be performed, if a single sample is repeatedly molten, undercooled and solidified with its relative undercoolings ∆T /T m determined.
A histogram mapping the (normalized) frequency of nucleation events versus ∆T /T m (Fig. 4) allows the extraction of key parameters of nucleation and eventually the distinction between the heterogeneous and the homogeneous case.
For this purpose it is necessary to describe the distribution function of nucleation events by some physical model. Following Skripov's (a) assumption of Poisson-distributed nucleation events a probability distribution
is derived (Ṫ denoting the time derivative of the temperature). Here, I ss is the unknown nucleation rate, which can be modelled, using the approximation (b) ∆G V = ∆S f ∆T V −1 m , as
with T n the nucleation temperature and the pre-exponential factor
of the nucleation rate. Here, a 0 denotes a typical (nearest-neighbour) interatomic distance, η(T ) is the temperature-dependent dynamical viscosity and N 0 gives the number of nuclei, with N 0 = N A /V m in the limit, in which all N A atoms within the molar volume V m act as nuclei. K V thus represents a sensitive measure for the degree of homogeneous nucleation. Now, the cumulative distribution function
resulting from the integration of ω(T ), is simplified by neglecting the temperature dependence of K V and written as
Plotting ln(− ln(1 − F (T ))) versus T 2 /∆T 2 leads to a linear relation from which K V and ∆G * are determined (compare Tab. 3).
Calculation of the critical radius
According to classical nucleation theory (CNT) the critical radius r * is given as
where
denotes the difference in the free enthalpy between the solid and the liquid phase. Thus, r * can be calculated, if the solid-liquid interfacial energy σ and the critical free enthalpy of nucleation ∆G * are known. While ∆G * is obtained in the aforementioned way, the solid-liquid interfacial energy σ is calculated based on the negentropic model of Spaepen c according to
Here, ∆H cr denotes the enthalpy of crystallization and α is the dimensionless interfacial energy. Critical radius r * 4 Occurence of CrB-type structures
nm
The following table lists a selection of crystallographic data for those 132 binary CrB-type structures for which the complete crystal structure has been determined. 
